In their celebrated "Period three implies chaos" paper, Li and Yorke proved that if a continuous interval map f has a period 3 point then there is an uncountable scrambled set S on which f has very complicated dynamics. One question arises naturally: Can this set S be chosen invariant under f ? The answer is positive for turbulent maps and negative otherwise. In this note, we shall use symbolic dynamics to achieve our goal. In particular, we obtain that the tent map T (x) = 1 − |2x − 1| on [0, 1] has a dense uncountable invariant 1-scrambled set which consists of transitive points.
Introduction.
Let I be a real compact interval and let f : I −→ I be a continuous map. For each integer n ≥ 1, let f n be defined by: f 1 = f and f n = f • f n−1 when n ≥ 2. For every c in I, we call the set O f (c) = { f k (c) | k ≥ 0 } the orbit of c (under f ) and call c a periodic point of f with least period m if f m (c) = c and f i (c) = c whenever 0 < i < m. It is well known [1] , [3] , [6] that if f has a periodic point of least period not a power of 2, then there exist a number δ > 0 and an uncountable (called δ-scrambled) set S of f such that (i) for any x = y in S, lim sup n→∞ |f n (x) − f n (y)| ≥ δ and lim inf n→∞ |f n (x) − f n (y)| = 0; and (ii) for any x in S and any periodic point p of f , lim sup n→∞ |f n (x) − f n (p)| ≥ δ/2. One question arises naturally: Can S be chosen invariant under f ? The answer is negative. Indeed, for any continuous map f from [0, 1] into itself, we define another continuous map F from [0, 3] into itself by letting F (x) = f (x) + 2 for 0 ≤ x ≤ 1; F (x) = (2 − x)[f (1) + 2] for 1 ≤ x ≤ 2; and F (x) = x − 2 for 2 ≤ x ≤ 3. This function F is generally called the square root of f and the process from f to F is called the square root construction. If F has a non-empty invariant scrambled set S, then since every nonfixed point of (1, 2) will spiral out and eventually enter [2, 3] . Since, for each n ≥ 1, f n (x) and f n (y) lie on opposite sides of [1, 2] , we obtain that lim inf n→∞ |f n (x) − f n (y)| ≥ 1. Therefore, F cannot have a non-empty invariant scrambled set. In this note, we shall use symbolic dynamics to show that if f is turbulent then f has an uncountable invariant scrambled set in the recurrent set. Some related problems are also discussed.
2 Turbulent maps have uncountable invariant scrambled sets.
We say that f is turbulent [1, p.25] if there exist two closed subintervals J 0 and J 1 of I with at most one common point such that
We say that f is strictly turbulent if J 0 and J 1 can be chosen disjoint. Let f be a turbulent map with J 0 and J 1 as stated above and max
. Then I(0) and I(1) have at most one point in common and
.
i+1 and let σ be the shift map defined by
is either a compact interval or consists of one point. Furthermore, f (I(α)) = I(σα) and f maps the endpoints of I(α) onto those of I(σα) if both I(α) and I(σα) are nondegenerate intervals. So, if α ∈ Σ 2 is a periodic point of σ with least period m and if I(α) = [x, y] (x may equal y), then both x and y are periodic points of f with least period m or 2m. Now let0 ∈ Σ 2 denote the sequence consisting of all 0's. Then f (I(0)) = I(0) ⊂ I(0). Since z is the unique fixed point of f in I(0) and z = min I(0), I(0) = [z, w] for some w in I(0). Since x < f (x) for all z < x in I(0), we actually have I(0) = { z }. Since f (I(10)) = I(0) = { z } and since b is the only point in I(1) mapping to z, we obtain that I(10) = { b }. Note that, if c < a, then I(α) and I(β) are disjoint for any α = β in Σ 2 . If c = a and I(α) ∩ I(β) = ∅ for some α = β in Σ 2 , then for some k ≥ 0 and γ i = 0 or 1,
Let α be a point of Σ 2 whose expansion α 0 α 1 · · · contains every finite sequence of 0's and 1's. Then α has a dense orbit in Σ 2 (points with dense orbits are called transitive points). For any integer k ≥ 1, let 0 k (1 k respectively) denote the finite sequence of k consecutive 0's (1's respectively). For 
) = { x β }. Let W be the collection of such points x β for all β in B and let S = i≥0 f i (W ). Then S is an uncountable invariant set of f .
For any m ≥ 1, let s m = m(m + 1)(2m + 7)/6. For any β, γ, and η in Σ 2 with β = γ, if β k = γ k for some k ≥ 0, then for any i ≥ 0 and all m > k, f
This shows that, for any x = y in S, lim sup n→∞ |f n (x) − f n (y)| ≥ |z − b|. On the other hand, we have f
. Since the sequence < I(0 m+i−j ) > shrinks to the fixed point z, we obtain that lim inf n→∞ |f
. This shows that, for any x = y in S, lim inf n→∞ |f n (x) − f n (y)| = 0. Since, for any x in S, the iterates f n (x) approach b infinitely often and stay as close to the fixed point z of f for as long as we wish, we obtain that, for any periodic point p of f , lim sup n→∞ |f n (x) − f n (p)| ≥ |z − b|/2. This proves that S is an uncountable invariant |b − z|-scrambled set of f .
Since, for every β in B, ω β is a transitive point of Σ 2 and so, the iterates σ n (ω β ) approach every γ in Σ 2 infinitely many times. Consequently, the iterates f n (x β ) of the unique point x β of I(ω β ) approach the set I(γ) infinitely many times. Therefore, the ω-limit set ω(x β , f ) contains I(10) ∪ I(0) = {b, z} and contains the point x γ for all γ ∈ B and at least one endpoint of I(ω γ ) for all γ / ∈ B. In particular, x β ∈ ω(x β , f ) (such points x β are called recurrent points). Therefore, we have obtained the following result. 3 Extensions to some non-turbulent maps.
Since the recurrent set of f m is identical to that of f [1, p.82], we can, by mimicking the proof of Theorem 1, extend the result of Theorem 1 to some non-turbulent maps. . Let x and y be any two points in S and let 0 ≤ s < t ≤ m − 1 be integers. Let < k i > be an increasing sequence of positive integers. If lim i→∞ g k i (x) = b and lim i→∞ g k i (y) = z, then since z is also a fixed point of f , lim i→∞ f 
The rest is easy and omitted. 4 Maps with periodic points of periods not a power of 2.
If there are closed subintervals J 0 , J 1 , · · · , J n−1 , J n of I with J n = J 0 such that f (J i ) ⊃ J i+1 for i = 0, 1, · · · , n − 1, then we say that J 0 J 1 · · · J n−1 J 0 is a cycle of length n. It is well known that if J 0 J 1 · · · J n−1 J 0 is a cycle of length n then there exists a periodic point y of f such that f i (y) belongs to J i for i = 0, 1, · · · , n − 1 and f n (y) = y. The following result is well known [1, p. 26 ]. Here we give a different proof which is interesting in its own right.
Theorem 4.
If f has a periodic point of odd period m ≥ 3 and no periodic points of odd period k with 1 < k < m, then any periodic orbit of f with least period m must be aŠtefan orbit (see [1, p. 11] for the definition). Consequently, f n is strictly turbulent for n = 2 and every n ≥ m.
Proof. Let P = {x i 1 ≤ i ≤ m}, with x 1 < x 2 < · · · < x m , be a periodic orbit of f with least period m. If m = 3, the proof is easy. So, suppose m > 3. Let x s = max{x ∈ P x < f (x)}. Then f (x s+1 ) ≤ x s and x s+1 ≤ f (x s ) and so f has a fixed point z in [x s , x s+1 ]. Since m is odd, for some integer 1 ≤ t ≤ m − 1 and t = s, f (x t ) and f (x t+1 ) lie on opposite sides of z. For simplicity, we
